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Abstract 

We construct the screening currents of the quantum superalgebra U q (sl(N\l)) for an arbitrary 
level k 7^ — N + 1. We show that these screening currents commute with the superalgebra modulo 
total difference. We propose bosonizations of the vertex operators by using the screening currents. 
We check that these vertex operators are the intertwiners among the Fock-Wakimoto representation 
and the typical representation for rank N < 4. 
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1 Introduction 



Bosonizations are known to be a powerful method to construct correlation functions not only in conformal 
field theory [JJ, but also in exactly solvable lattice model [2J. In the previous paper [3] we constructed a 
bosonization of the quantum afhne superalgebra U q (sl(N\l)) for an arbitrary level k £ C. Bosonizations 
for an arbitrary level k £ C [5j [H UJ [H [9j [TU1 [TT] [3] are completely different from those of level k = 1 
[13 [T31 [Til [T31 IIZI [TBI US |2DJ [3T] . This paper is a continuation of the paper [3] . In this paper we focus 
our attention on the screening currents, that play an important role in level k bosonizations [3 . We 
construct the screening currents that commute with the quantum superalgebra U q (sl(N\l)) modulo total 
difference, for an arbitrary level k ^ —N+l. Using the screening currents, we construct the screening 
operators that commute with the quantum superalgebra. The screening currents are useful to study level 
k bosonizations, that isn't irreducible representation. For instance, (1) the screening currents balance the 
"background charge" of the vertex operators [7J [TTJ [531 [Ml Hi] , and (2) the irreducible representation is 
constructed from the Felder complex by the screening currents [26l [2jj [28j [24J [29] . In this paper we focus 
our attention on the background charge problem. We propose bosonizations of the vertex operators |30| 
that are the intertwiners among the Fock-Wakimoto module and the typical representation, by using the 
screening operators. We check the intertwining property of these bosonizations of the vertex operators for 
rank N < 4. The screening currents and the vertex operators have been constructed only for U q (sl(N)), 
U q (sl(2\l)) [7, 8, 9] [TT] by now. This paper gives a higher-rank generalization of the screenings and the 
vertex operators in U q (sl (2\1)) paper [llj . The representation theories of the superalgebra are much more 
complicated than non-superalgebra and have rich structures [311 [32l [331 [36] . 

This paper is organized as follows. In section 2 we recall the Chevalley realization and the Drinfeld 
realization of the quantum affine superalgebra U q (sl(N\l)). In section 3 we give the bosonization of the 
quantum affine superalgebra U q (sl(N\l)) for an arbitrary level k. We propose the Fock-Wakimoto module 
by the £-77 system. In section 4 we introduce the screening currents that commute with the superalgebra 
modulo total difference, for an arbitrary level k 7^ — N + 1. In section 5 we propose bosonizations of 
the vertex operators of U q (sl(N\l)). We give the level-zero representation of the Drinfeld generators for 
U q (sl(3\l)) in this section (resp. U q (sl(4\l)) in appendix IB]) . We check that the vertex operators are 
the intertwiners among the Fock-Wakimoto realization and the typical representation of the quantum 
superalgebra U q (sl(N\l)) for small rank N < 4. We show non-vanishing property of the correlation 
functions. In appendix A we summarize useful formulae of the normal orderings. In appendix B we 
summarize the level-zero representation of the Drinfeld generators for U q (sl(4\l)). 

2 Quantum affine superalgebra U q (sl(N\l)) 

In this section we recall the definition of the quantum superalgebra U q (sl(N\l)). Throughout this paper 
we fix a complex number < \q\ < 1. 
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2.1 Chevalley generator 

We recall the definition of the quantum superalgebra U q (sl(N\l)) (N — 2, 3, • • •) in terms of the Chevalley 
generators [31]. The Cartan matrix of the affine superalgebra sl(N\l) is given by 



/ -1 
-1 2 -1 
0-12 



(A. 



j)Q<i,j<N 



V i o 



1 \ 





-1 
2 -1 
-1 j 



(2.1) 



We introduce the orthonormal basis {ti[i = 1, 2, • • • , N + 1} with the bilinear form, (ej|ej) = ViO~i.j, where 
Vj = + (j = 1, 2, ■ ■ • , AT) and vn+i = —■ Define E{ = e, — X^^i 1 e j- Note that X)^=i = 0- The 
classical simple roots oti and the classical fundamental weights Aj are defined by ctj — ^z^z — ^z+i^z+ii 
A, = S}=i £j (1 — * — -^0- Introduce the affine weight A and the null root <5 satisfying (A |A ) = 
(<5|<5) = 0, (A |<5) = 1, (A Q |ej) = 0, (S\ei) = 0, (1 < i < N). The other affine weights and the affine roots 
are given by a a = 5 — Ylj=i ®ji a i = Aj = Aj + A , (1 < i < N). Let P = ©j^ZAj ZS and 
P* = ®^ =1 Zhj ® Zd the affine sl(N\l) weight lattice and its dual lattice, respectively. 

Definition 2.1 The quantum affine superalgebra U q (sl(N |1)) are generated by the Chevalley gen- 

erators hi,ei,fi (1 < i < N). The Z2-grading of the generators are |eo| = |/o| = |ejv| = |/jv| = 1 an d 
zero otherwise. The defining relations are 

q hi _ g-hi 

[hi, hj] = 0, [hi,ej] = Aijej, [hi, ft] = -A itj ft, [ei,ft] = S l . J — — I , (2.2) 

and the Serre relations 

[e j ,[e h e i ] q -x] q = Q, = for \A itj \ = 1, i ± 0, N. (2.3) 

Here and throughout this paper, we use the notations 

[X,Y]z =XY- (-l) |x||y| £FX. (2.4) 

We write [X, Y]i as [X, Y] for simplicity. The quantum affine superalgebra U q (sl(N\l)) has the Z 2 -graded 
Hopf-algebra structure. We take the following coproduct 

A(e;) = a ® 1 + q K <g> a, A(/,) = /< ® a"' 1 * + 1 ® A(fci) = ^ ® 1 + 1 ® /i,, (2.5) 

and </ie antipode 

S{e i ) = -q- hi e i , S{ft) = -ftq hi , S(hi) = -hi. (2.6) 
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The coproduct A satisfies an algebra automorphism A(XY) — A(X)A(Y) and the antipode S satisfies 
a Z 2 -graded algebra anti- automorphism S(XY) = (— 1)\ X W Y \ S(Y)S(X) . The multiplication rule for the 
tensor product is Z 2 -graded and is defined for homogeneous elements X, Y,X',Y' £ U q (sl(N\l)) and 
v G V,w G W by X ® Y • X' ®Y' = {-l)\ Y W x '\XX' ® YY' and X®Y -v®w = (-l)\ Y W v \Xv ® Yw, 
which extends to inhomogeneous elements through linearity. 

We sometimes use the anti-commutator {X, Y} = XY + YX = [X, Y]i for \X\ = \Y\ = 1. 
2.2 Drinfeld realization 

We recall the Drinfeld's second realization of the quantum afime superalgebra U q (sl(N\l)) 34 , 35 . The 
Drinfeld realization is convenient for constructions of bosonizations. We use the standard symbol of 
q- integer 



q-q 1 



(2.7) 



Definition 2.2 [3^1 The Drinfeld generators of the quantum affine superalgebra U q (sl{N\\)) are 
X im , hi tm , c (1 < i < N, m G Z). The 7i 2 -grading of the Drinfeld generators are : \X Nm \ = 1 
(to G Z) and zero otherwise. Defining relations are 

c : central, [hi,hj l7n ] — 0, (2.8) 
[Ai j ml [cm] 

rtj,m,%> = ; <Wn,0 (m, n ^ 0), (2.9) 

TO 

[h l ,Xf{z)]=±A l , J Xf{z), (2.10) 

[/H, m ,X+(z)] - I^M^-iM^ xUz) (to ^ 0), (2.11) 

TO J 

[^.AT^)] = -I^M^f M^jfWz) ( m ^ 0), (2.12) 

TO 

( Zl - g ±Ai .^ 2 )X±(z 1 )X J ± (z 2 ) = (g ±A -Z! - z 2 )X± (22)^(21) for + 0, (2.13) 

[X±( Zl ),X±(z 2 )]=0 for |A^|=0, (2.14) 

(q - q- 1 )z 1 z 2 

Xf{ Zl ), [Xf {z 2 ),Xf{z)] q _^ + [z x o z 2 ) = for = 1, i ^ N. (2.16) 

where we have used 8{z) — 53 m ez z ™' ^ ere we ^ awe used i/ie abbreviation hi = /i^.o- W^e have used the 
generating function 



[X+{z 1 ) 1 Xj(z 2 )] = _ (5{q~ c Zl /z 2 )^i(q^z 2 ) - 5(q c Zl /z 2 )*7 ( q ~ § z 2 )) , (2.15) 



*+(*) = q'^e^Uq-q-^Y^KmZ-A, (2.18) 

V m>0 / 

9T(Z) = q-'^expl-iq-q-^Y^K-mzA. (2.19) 
V m>0 / 
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The relations between the Chevalley generators and the Drinfeld realization are given by 

hi = h ifi , e t = X+ , fi=Xr for l<i<N, (2.20) 

h = c- (h h o + --- + h Nfi ), (2.21) 

e = (~1)[X NQ --- ,1*3,0,1X2,0, Xi,i] q -i} g -i ...] q - iq - h ™- h '-°-- h "-°, (2.22) 

fo = q h ^,o+-+h N ,o { . . . [[X+_ 1 ,X+ ] q ,X+ ] q , ■ -X+ ] q . (2.23) 

3 Bosonization of U q (sl(N\l)) 

In this section we recall the bosonization of U q (sl(N\l)) for an arbitrary level k G C (3]. 
3.1 Boson 

We introduce the bosons and the zero-mode operators a? m ,Q3 a (m € Z, 1 < j < N), b l ^,Q\ 3 , c\£,Q 1 ^ 
(me Z, 1 < i < j < N + 1). The bosons a l m , b\£,c\£, (m g Z^o) and the zero-mode operators a l , Q l a , 
6q J , Q\ 3 , Cq , Q 1 ^ that satisfy 

[ a m, a n\ = — <Wn,0, K,,Q£J = (fc + iV - l)A it j, (3.1) 

■ ■ •' ■' [ml 2 j ■ j' ■' 

[Kn iK ' J } = -ViVj—-5i,i>$j,3>$m+n,0, Kl^Qft ' J ] = -ViVj8i,i>8j,j> , (3.2) 



fi^j ^,i'<5i,j'^m+n,0, [ c o')Qc' J ' ] = v i v jf>i,i'8j,j> i ( 3 -3) 



and other commutators vanish. We impose the cocycle condition on the zero- mode operator Q,' J (1 < 
i < j < N + 1) by 

[QV, Qt 3 '\ = S j<N+ iS f!N+1 7rV^l for ? (i',f). (3.4) 
We have the following (anti) commutation relations 

exp (q; j ) , exp {Qi' j ')\ =0 (1 < i < j < N, 1 < i 1 < j 1 < N), (3.5) 
{exp (Q l b N+1 ) , exp (Qi' N+1 ) } = (l<i^j< N). (3.6) 

In what follows we use the standard normal ordering symbol ::. We set b l 'i(z), c* J (z), b±(z), a±{z) and 



) = ±(q-q- 1 ) £ ai l z~ m ±aihgq, (3.7) 



±m>0 



b^(z) = ±(q q- 1 ) K?z~ m ± fc^logg, (3.9) 

±m>0 

=-V ^\z~ m + Q*' j + c^'logz, (3.10) 
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3.2 Bosonization of f/ 9 (s/(iV|l)) 

We recall the bosonizations of the quantum superalgebra U q (sl(N\l)). 

Theorem 3.1 |2J/ A bosonization of the quantum affine superalgebra U q (sl(N\l)) for an arbitrary 
level k £ C is given as follows. For I < i < N — 1 we set 

Xt{z) = {q _\. 1)z f:{Xt {i ' 1 \z)-Xt^\z)), (3.12) 

N 

X+(z) = q w - 2 ]>>+^ 0) (z), (3.13) 
x-(z) = |'£(xr^ 1 )( z )-xr^)( 2 )) + (x-^ 1 )( z )-xr^)( z )) 

JV-l \ 

X: (JKT^ (*) - XT^W) ) + ? W ^ M (4 (3-14) 

JV 



X w (z) = (g _*. 1)g (-X-^\z)+X-^\z)) . (3.15) 

$±(g±i*) = exp (a l ± (q ±h± ^ 1 z) + ^(b 1 ^ 1 (q^+^z) - b 1 ^ (q^ l+k h)) (3.16) 

V 1=1 

N \ 

+ J] (i4V (k+,) *) - 6^ 1 ' , (g ± (*+'- 1 )«)) + fc^+V^^) - ^^V^^*) , 

= cxp ^( 9 ±£± ^z) - £(&£V (fc+,) *) + ft^+V^ *))) . (3.17) 

JJere we have used the auxiliary bosonic operators Xf 1 s (z) as follows. 
For 1 < i < JV — 1 anc? 1 < j < i we set 



: exp ((b + cy-'iq^z) + tff^iqi-h) - {b - 


-c)^ +1 (^'z) 




1=1 I 




(3.18) 


: cxp ({b + c) s > i {<?- 1 z) + b j l i+1 (q j - 1 z) - {b - 


-c) j ' i+1 (q j - 2 z) 




+ Y / (b l ^\q^z)-b l ^q l z))):. 
1=1 ) 




(3.19) 



For 1 < j < N we set 

Xp m (z) = :expf(& + C )A"(<r^ + ^^ 



(i 



For 1 < i < N — 1 and 1 < j < i — 1 we set 

X; {hl \z) = : cxp (a i _(q- h± % =1 z) + (b + c) j ' i+1 {q- k - j z) - b^(q- k -^z) - {b + c)^ l (q- k - ]+1 z) 

i N 

+ E (b l l i+ \q- k - l+1 z)-b , l i {q- k - l z))+ (b i l l (q- k - l z)-b i + 1 ' l (q- k - l+1 z)) 
1=3 + 1 l=i+l 

+b l l N+l {q- k - N z)-b l + 1 - N+l {q- k - N+1 z)) :, (3.21) 

X; Ua \z) = : cxp (a i _{q- h± ^ 1 z) + (b + c)^ l+1 {q- k ~ j z) - b% 1 (q- k ~ j z) - {b + c) J ' ,i (<r fc - J '- 1 «) 
i N 
+ E (b l - +1 (q- k - l+1 z)-b l l\ q - k - l z))+ E (^V*-^) - V fe - i+1 2)) 
;=j+i ;=i+i 

- tf+ 1 - N+1 (q- k - N+1 z)) : . (3.22) 

For 1 < i < N — 1 we set 

( N 
X- {hl \z) = :c^ V [a l _{q- h±I ^ 1 z) + {b + c)^+ 1 {q- k - l z)+ E (6- (q~ k ~ l z) - {q- k ~ l+1 z)) 

\ «=i+l 
+b l l N+1 (q- k - N z)-b l + 1 < N+1 {q- k - N+1 z)) :, (3.23) 
/ JV 

^ (j ' 2) (z) = : cxp a' + ( g ^-^^) + (6 + cf i+l {q k+i z) + E (&+V + ^) - V + ' _1 *)) 

+6 ^+i (gfe+ iv^ _ bi +i, N+ i {qk+N - lz ^ . _ (3 24) 

For 1 < i < iV - 1 and i + l<j<iV-l we set 
X7^\z) = : cxp (a\(q h± ^ 1 z) + (b + c)^ +1 (q k +^z) + b l +^ +1 (q k +i z) - {b + c y+W( q k+i+i z ) 

+ E (bl\q k+l z)-b^ 1 '\q k+l - 1 z)) + b^ N+ \q k+N z)-b^ 1 ' N+ \q k+N -h)] :, (3.25) 

I,r (il2) (2) = : cxp (a'+fo 4 *^;?) + (6 + c)^'+ V + ^) + b l +^ +1 (q k+ ^ z) - (b + C y +1 ' j+1 {q k+j - 1 z) 

+ E (&+ - ^+ (Q^'- 1 ^)) + &+ 7V+1 (g fc+JV ^) - 6 i + 1 ' JV+1 ((7^=+^-^) ) : .(3.26) 

For 1 < i < N — 1 we set 

X7 {Nfl \z) = : cxp (a'+fo 4 *^*) - b^+Hq^- 1 z) - b^+'tf+^z) + b i+1 ' N+1 (q k + N z)) : . 

(3.27) 

For 1 < j < N — 1 we set 

X N {0 ' 1] {z) = :c^ V (a N {q- h±] ^ 1 z)-yj N { q - k ^z)-(b + cy' N { q - k -^ 1 z) (3.28) 

jv-i \ 
_ 6 ^+i (g -fe- Jz) _ 6 ^+i ((? -/c-,+l z) _ (b l l N (q- k - l z) + b l l N+1 (q- k - l z))\ :, 

i=i+i / 
X N U - 2) (z) = :exp(a N (q- h± ^ 1 z)-b^ N (q- k ^z)-(b + cy- N (q- k ^- 1 z) (3.29) 



JV-1 



-ti>f +1 ( q - k -lz)-^ N + 1 ( q - k -3- l z)- ]T (b l l N (q- k - l z) + b l l N+1 (q- k - l z))\ :, 

X^iz) = :cxp(a^(g- ii± ^ i z)-6^ Ar + 1 (g- fe - Ar + 1 z)) :, (3.30) 
X N {N ^\z) = :exp(a»(q h± ^ 1 z)-b N - N+ \ q k+N - 1 z)):. (3.31) 

The Z 2 -grading is : \X^-'' s \z)\ = 1 and zero otherwise. 

Very explicitly, we have 



AT 



+ £ (5 -(l+0H 6 M_ g -(l+;-i)IH 6 j+M) 
i=i+i 

+q -(i+N)\ m \^+i _ q -(± + N-i)\ m \ h i+i,N+i (l<i<N-l), (3.32) 

AT-l 

h N , m = <Z -^ i l™la^-^(,-^+ i )l"ie + 9- ( * +0|m| 4 JV+1 )- (3-33) 



3.3 Fock-Wakimoto module 

We introduce the vacuum state |0) of the boson Fock space by 

<|0) = ^|0}=c«|0>=0 (m>0). (3.34) 
For p\ £ C (1 < i < N), p\ 3 £ C (1 < i < j < N + 1), p^ £ C (1 < i < j < N), we set 

\Pa,Pb,Pc) (3.35) 

- -pf £ Mi "w-nftV"/^) J)) rt«- E + E *>M |0 >' 

It satisfies 

aobo,P6,Pc) =/aba,Pb,Pc), b„ 3 \p a , p b , p c ) = P b 3 \p a , Pb, Pc) , C^ 3 \p a , p b , p c ) = p^ 3 \p a , p b , p c ) . (3.36) 

The boson Fock space F(p a ,p b ,p c ) is generated by the bosons a % m ,b % £, on the vector \p a ,Pb,Pc)- We 
set the space F{p a ) by 

F( Pa )= ^(p Q ,p b , Pc ). (3.37) 

pj'^-p'^'ez (i<i<j<w) 

We impose the restriction = -p 1 ^ £ Z (1 < i < j < N), because the Xf m change Q\ 3 + Q 1 ^ 3 . The 
F{p a ) is C/ 9 (s/(iV|l))-module. We set the vector |A) = |p a ,0,0) upon the specialization p^' 3 = (1 < i < 
j < N + 1) and = (1 < i < j < N). 
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Proposition 3.2 The \X) = |p a , 0, 0) is the highest weight vector of the highest weight whose classical 
part isX = J2^=iPi^j- 

h itm \X)=0, X±JA} = 0, (m>0), (3.38) 
X+\X)=Q, h lfi \X)=pl\X). (3.39) 

Using the highest weight vector \X), we have the highest weight module V(X) of U q (sl(N\l)). 

V(X) C F(p a ). (3.40) 

The module F(p a ) is not irreducible. We recall the non-quantum algebra sl(2) case [27]. The irreducible 
highest weight module L(X) for the affine algebra sl(2) was constructed from the Fock-Wakimoto module 
on the boson Fock space [5] by the Felder complex. We recall the quantum algebra U q (sl(2)) case [71 151 12~4"] . 
The irreducible highest weight module L(X) for U q (sl(2)) was constructed from the similar space as F(p a ) 
by two steps; the first step is the construction of the Fock-Wakimoto module by the £-77 system, and the 
second step is the resolution by the Felder complex The submodule of the quantum algebra U q (sl(2)), 
induced by the £-77 system, plays the same role as the Fock-Wakimoto module of the non-quantum algebra 
sl(2). We call this submodule induced by the £-77 system the "Fock-Wakimoto module". In this paper 
we study the £-77 system and propose the Fock-Wakimoto module for U q (sl(N\l)). 

Definition 3.3 We introduce the operators and vfc-> (1 < i < j < N, m G Z) by 



mGZ raeZ 

The Fourier components 77^ = § 2n d J_ 1 z m r\ 1 -' 3 (z), ^ = § 2 / < / Z _ 1 z '°" 1 ('' ) ( z ) ( m G Z) are well defined 
on the space F(p a ). They satisfy the anti-commutation relations. 

{'/,';;' -CI- = <Wn,o, {'i:;'-ii,; J \ = = o (i < i < j < n). (3.42) 

They commute with each other 

[V%,& j ) = [v%,vi' j '} = [&,& j '}=0 (iJ)^(i',f)- (3-43) 
We focus our attention on the operators rfc 3 ,£,q J satisfying {rfc 3 ) 2 — 0, (Cq 3 ) 2 — 0. They satisfy 

Im(r^) = Ker(r^), Im(^) = Ker(^). (3.44) 
The products rfo 3 and (,q J t)q 3 are the projection operators, which satisfy 

%'C; J I &rtf !. (3.45) 

and 

(% J Co J ) 2 = v¥$ j , (« J ) 2 = i^V^M'^^) = 0, = 0. (3.46) 

Hence we have a direct sum decomposition. 

F(Pa) = rtftfFfa) © ® j vh' j F( Pa ), (3.47) 
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and 



Ker(^) = ftf^f (p ), Coker(^) = tfrtfF(p a ) = F A /(rtf$>)F A . (3.48) 

We set 

?7o = II t^, i„ J] (3-49) 

Definition 3.4 VFe introduce the subspace F(p a ) 6y 

■F(P«) = VoCoF( Pa ). (3.50) 

The operators 7/q J , commute with the operators X^j,(z), ^fji(z) up to sign ±. When we set 
the operators Xf{z), *f (*) by the conditions Xf(z)r)o ,j ' = r)Q ,j 'xf(z), ^f{z)-ql' j ' = rf ' j '$f(z), the 
bosonic operators X^(z), ^f(z) give a bosonization of l/ 9 (sZ(JV|l)) again. 

Proposition 3.5 TTie subspace F(p a ) is the U q (sl(N\l)) module. 

We call the submodule F{p a ) the Fock-Wakimoto module. It is expected that we have the irreducible 
highest weight module L(X) with the highest weight A, whose classical part A = Ylf=i PaA-ii by the Felder 
complex. The construction of the Felder complex is open problem even for non-superalgebra U q {sl{2>)). 
We would like to report the Felder complex of U q {sl(N)) and U q (sl{N\l)) in the future publications. 

4 Screening current 

In this section we introduce the screening operators S% (i = 1, 2, • • • , N), which commute with U q (sl(N\l)) 
for an arbitrary level k ^ —N + 1. We need the screening operators to construct the vertex operators. 

4.1 Screening current 

We set the ^-difference operators with a parameter a by 



f( q a z)-f(q- a z) 
(q-q- r )z 



(mm = J ™,?- J ™ ' (4.i) 



(4.2) 



The Jackson integral with parameter p € C < 1) and s G C* is defined by 

/ f(z)d p z = s(l-p) V f(sp m )p m . 

The Jackson integral satisfies 

p soo 

( a d z f)(z)d p z = ( P = q 2a )- (4-3) 



< = ^-"^M: (4-4) 



For r g C (Re(r) > 0) we introduce the Jacobi elliptic theta function 

, e, 2 ..( g 2 ") 
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where we have used 

oo 

Q p (z) = (z;p) 00 (pz~ 1 ;p) 00 (p;p) 00 , (z^p)^ = TJ (1 - p m z ). (4.5) 

m— 

The Jacobi elliptic theta function satisfies the quasi-periodicity property 

[u + r] r = -[u] r , [u + r T ] r = -e-^-^lu^, (4.6) 
where r such that Im(-r) > is given by q 2r = e^ 2 ^ . 

Definition 4.1 We introduce the bosonic operators Si{z) (i — 1, 2, • • • , N) that we call the screening 
current as follows. 

Si(z) = E (S^\z)-S^ 2 \z))+ q Sl N+1 '°\z) (l<i<N-l), (4.7) 
W q > z j=i+i 

= -g" 1 ^ 1 ' ^). (4-8) 



For 2i + f < j < 2iV + f we have set 



Sp>(*)=:exp(- 



1 



^jfe + JV- 1 

_ffere ; /or f < i < TV — f and i + 1 < j < N, we have set 



k + N-1 



# s) (z):. (4.9) 



Sp } (z) = : cxp (g"- 1 -'*) - (ft + c)^'^-^) + (6 + c)^ 1 '^^" 1 "^) 

JV 

+ E (b- U (q N - l z) - &!lV~ ,_1 *)) + o m ' W+1 (z) - ] (4-10) 

S^ 2 \z) = : cxp (-^V" 1 "^) - (6 + c^V^'" 2 *) + (6 + c)^ 1 '^- 1 -^) 



JV 



+ (b^ U (q N - l z) - b^(q N - l - l z)) + b^' N+ \z) - P'ff'z) : . (4.11) 

1=3+1 J 

For 1 < i < N — 1 we /iaue set 

£f +1 ' 0) (z) = :cxp(6^+ 1 (z)+6V +1 ^ +1 (z)-^+ 1 ' Ar+1 ( g z)) :, (4.12) 

5(f +1 ' 0) (z) = :ex P (&W(2)):. (4 . 13) 

The Z 2 -grading of the screening currents are : \S^ +1 '°\z)\ = 1 and zero otherwise. 

Theorem 4.2 The screening currents Si(z) (i = 1,2, •••,N) commute (or anti-commute) with 
U q {sl{N\l)) modulo total difference. 

[h hmi S 3 (z)} = 0, (4.14) 

[X+( Zl ),S 3 {z 2 )] = 0, (4.15) 
[Xr( Zl ), Sj (z 2 )} = - Si i 2 { k+N -id z 8){z 2 /z{) 

[i q > z i 



x :exp '' U + iv-i a3 "^ 



li 



k + N-l 



(4.16) 



The screening currents Si(z) (i = 1, 2, • • • , N) satisfy 



Ml - u 2 + -— 



Si(zi)Sj(z 2 ) 

k+N-1 



u 2 - Ul + 



S J (z 1 )S l (z 2 ). (4.17) 

k+N-1 



T/ie symbol [u]k+N-i represents the Jacobi elliptic theta function. Here we have used Zj = q 2uj . 
Definition 4.3 We introduce the screening operators Qi (i = 1,2, • • • , N) by the Jackson integral. 

j* soo 

Qi= S t {z)d p z, (p = q 2 ( k+N -V). (4.18) 
Jo 

The screening operators Qi are convergent on the Fock space. 



Corollary 4.4 The screening operators Qi (i = 1,2, •• • , N) commute with the quantum superalgebra 
U q (sl(N\l)). 

Proposition 4.5 The screening operators Qi (i = 1, 2, • • • , N) commute with the projection operator 
770^0 of the £-77 system. Hence the screening operators Qi act on the Fock-W akimoto module jF(p a ). 

4.2 Proof 

Here we give proof of theorem 14.21 Direct calculations of the normal orderings show theorem 14.21 



• Proof of P~To]) for 1 < i = j < N. 

First we show (|4.16j) for 1 < i = j < N — 1. The commutators vanish, [X i (zi),S( ' (22)] = 0, for 
the following condition. 

f [(*, 1), (i + 1, 1)], [(i, 2), (i + 1,2)] (1 < * < JV - 1) 

[(l,s),(m,t)] f j [(l,l),(Z + l,2)], [(1, 2), (1 + 1,1)] (1 < i<iV-l,i + l < I < JV- 1) ■ (4.19) 
[ [(iV,0),(JV + l,0)] (1 < i < JV - 1) 

Hence we have the following relations for 1 < i < N — 1. 

+ (g _^ )2ziZ2 {[^ (0) (^),e" 1) (^)] + [^ M) (^)^f +1 ' 2) (^)] 

N-l ~) 

+ E ([^- ( ' ,1) (*i).^ ,+1 ' 9, W] + lXi m (^St 1A \*2)}) ■ (4.20) 

Using the relations (IA.1I) . (|A.2I) . (IA.3I) . (|A.4I) . (IA.5I) . (|A.6|) in appendix E] we have 

[^r(2i),5 i (z 2 )]('Z - q^ 1 )ziz 2 
= 5 ( g "^*" lza ) (: * 4 -<*V)Sf +1 ' 0) (, 2 ) : - : X7^\ Zl)S ^ (z 2 ) :) 

(N —3—k—2i \ 
q - (: Xf ^(siJSf^V) : - : X7^\ Zl)S f +1 ' 2 \z 2 ) :) 

E S ( q - "" j ( X7^\ Zl)S ^\z 2 ) : - : X7^\ z{]S f^\z 2 ) :) 



(4.21) 



12 



Using specializations (|A.29|) , (|A.31I) . (|A.32|) . (|A.33|) in appendix we conclude (|4~T6l) for 1 < i = j < 

N — 1. Next we show (|4.16p for i = j = N. The commutators vanish, [X^ l ' s \zi), S^ 1 '^^)] = 0, 
for [(l,s),(m,t)] ^ [(N, 1), (N + 1, 0)], [(AT, 2), (A + 1, 0)]. Hence, using the relations (jA~7)) and (fO|) in 
appendix we have 

[X„{z x \ S N {z 2 )](q - q- X )z x z 2 (4.22) 
= S : ^W^te) : S (^^) : X^(*)4" +1, %) : . 

Using the relation (|A.30[) in appendix \K\ we have f|4. 16[) for i = Af. Now we have shown (|4. 16|) for 
l<i = j<N. 

• Proof of (T4~Tr7| for 1 < % ^ j < N. 

First we show (14. 16|) for i + 1 < j. In this case the commutators vanish, [X i "' s \z{), Sj (z 2 )] = 0, for 
every [(l,s),(m,t)]. Hence we conclude [XT (zi), Sj(z 2 )] = 0. Next we show (|4.16j) for j = i + 1. The 
commutators vanish, [X i (zi), Sj (z 2 )] = 0, for the following condition. 

[(/, a), (m, t)] ± [(1, 1), (/ + 1, 2)], [(/, 2), (I +1,1)] (1 < i < N - 2, i + 1 < I < N - 1). (4.23) 

Hence, using the relations (|A.9I) and (IA.10I) . we have the following relation for 1 < i < N — 1. 

[X7{z 1 \S i+1 {z 2 )\{q-q- x )z 1 z 2 (4.24) 

N — l , f s _ 2i — 2 \ 

= E * ( ) (- : Xr l "\*i)S%F\*) ■ + ■ X7^\ Zl )S^\z 2 ) :) . 

Using the specialization (|A.34I) . we conclude (14. 16|) for j = Next we show (|4.16l) for 1 < j < i < N—l. 
The commutators vanish, [X i ^ l ' a \zi), Sj' t \z 2 )] — 0, for the following condition. 

[(j,l),(i + l,l)], [(j' + l,l),(i, 1)] 
(/..).(/,,./)].= <; [(j,2),(i + l,l)], [(j + l,l),(i,2)] (l<i<*<JV-l) . (4.25) 
[(i,2),(i,l)], [(7,1),(*,2)] 

Hence, using the relations (|A.11|) . (|A.12|) , (|A.13|) . (|A.14I) . (IA.15|1 . (|A.16|) . we have the following relation 
for 1 < j < i < N - 1. 

[A^(zi),5j(z 2 )](g- 9 _1 )2i22 

* ^— ^) (: ^^^i)^ 11 *^) : - : X7^\z 1 )Sf 1 \z 2 ) : 

- : X7^\z,)Sf + ^\ Z2 ) : + : X7^\z,)Sf 2 \z 2 ) : 

: X-^\ Zl )S^\z 2 ) : +9" 1 : X^' 1 ) ( Zl )S^ (z 2 ) :) . (4.26) 

Using the specializations (IA.35|) . (|A.36|) . (|A.37|) . we have [JCr(z 1 ),5 7 -(2 2 )] = for 1 < j < i < N - 1. 
Next we show (j4~TrJl) for 1 < j < A — 1 and i = N. The commutators vanish, [ir (i ' s) ( Zl ), sj m,t) (z 2 )} = 0, 
for the following condition. 

U1),(N,2)}, [(j,2),(A,l)] 
[(/.>■)■('"■/)]-<( [(j,l),(A + l,0)], [(j + l,l),(A^,l)] (1 < j < AT - 1) . (4.27) 
[(j, 2), (AT + 1,0)], [(j + 1,1), (TV, 2)] 
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Hence, using the relations (|A.12|) . (|A.14|) , (|A.15|) . (|A.16I) . (|A.17|i . (|A.18|) we have the following relation 
for 1 < j < N- 1. 

[X^(z 1 ) ) 5 J -(z 2 )](g - g - 1 ) ( ? Ar ^- 2 z 1 z 2 
= -5 (^^) (<T 2 : X N ^( Z1 )S^( Z2 ) : - ff "» : ^(,0^%) : 
- : X-^\ Zl )Sf +1 >°>(z 2 ) : + : ^^(^Sf ^(^ : 

+- : X-^( 2l )5f +1 ' 0) (z 2 ) : + : X N ^ ( Zl )S^ 2 \z 2 ) :) . (4.28) 

Using the specializations (|A.37j) . (|A.38|) . (jA.39|) . we have [A^(zi), S (z 2 )] = for 1 < j < N - 1. Now 
we have shown [X~(zi), Sj^)] = for 1 < i ^ j < A. 

• Proof of (f47T5|) for 1 < i = j < N. 

The commutators vanish, [X^ l ' s \zi), s[ m,t \z 2 )] = 0, for the condition 

[(l > s) > (m,t)] 9 4[(t,l) ) (i + l > 2)],[(i,2),(i+l,l)] (1<*<JV-1). (4.29) 
We have [A^(zi), Sn(z 2 )] — 0. For 1 < i < JV — 1, using the relations (|A~T9|) and (FO0|) . we have 
[A+(z 1 ),^(z 2 )](g- g - 1 )z 1 z 2 
= 5 ( gAr ^" 1Z2 ) (- : A+^ 1 )(z 1 )5f +1 ^ 2) (^) : + : A+^^Sf +W) (z 2 ) :) . (4.30) 

Using the specialization (|A.40[) . we conclude [X^(zi), Si(z 2 )} = for 1 < i < N — 1. 

• Proof of (|4"T5l) for 1 < i ^ j < N. 

First we show (T4~T5|) for 1 < i < N- 1, 1 < j < i- 1. The commutators vanish, [Xf (l ' s \zi), Sf l ' t) {z 2 )] = 
0, for the following condition. 

[(j,l),(»,2)],[0" + 1.2),(i + l,l)] 
[(/.*).(//i.n]= <{ [(i, 1), (i + 1, 2)], [(i, 2), (i + 1, 1)] (l<i<JV-l,l<i<*-l) ■ (4.31) 
[(j, 2), (i, 2)], [(J + 1, 2), (i + 1, 2)] 

Hence, using the relations (|A3T|) . ([A~22|) . (jA~25|) . (jA~26| . (|a37)1 . (jASSj, we have the following relation 
for 1 < i < A - 1 and 1 < j < i - 1. 



[A+^S^Kg-g- 1 )^ 

) (q : X+^)Sf%) : - 9 : X^ +1 ' 2) {z^Sf^ (z 2 ) : 



qN -i-j- l Z2 
Z\ 

- : X+«' 1 )(, 1 )^ +1 ' 2) (, 2 ) : + : X^ {z x )S^ (z 2 ) : 

-q : A+^^sf 2) {z 2 ) : +<? : Jt+^^fftJsj^C^) :) . (4.32) 

Using the specializations (|A.41j> . (|A.43|) . (|A.44|I . we conclude [A+(zi), S^)] = for 1 < i < A - 
1,1 < j < i — 1. Next we show (|4. 1 5[) for i = N and 1 < j < N — 1. The commutators vanish, 
[A+ (i ' s) (2 1 ), Sj m,4) (z 2 )] = 0, for the following condition. 

[(/, s), (m, t)] ^ [(j, 0), (A, 2)], [(j + 1, 0), (A + 1, 0)] (1 < j < N - 1). (4.33) 
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Hence, using the relations (|A.23|) and (|A.24[) . we have 
[X+(zi),S 3 {z 2 )] q - N+1 z 2 
= 5 ( £ ^ 1 ) (: Xp j '°Hzi)Sf' 2 \z2) : - : X^ +l '°\ Zl )Sf +1 ' 0) (z 2 ) :) . (4.34) 

Using the specialization (|A.42j) . we conclude [X^(zi), Sj{z2)\ — for 1 < j < N—l. Now we have shown 
the commutation relation (|4.15|) . 

• Proof of (|4.14p . This is a direct consequence of the relation, 



[*±( 2l ),sf< s) (z 2 )]=0, 



(4.35) 



for every i, j, and (l,s). 

• Proof of (|4.17p . This is a direct consequence of the relation, 



A, 



st\ zi )s ( r' t \z 2 ) 



" Jfc+JV-1 

for every and [(^,s), (m,t)]. 



A, 



u 2 - Ul 



S ^\ Z2 )sl l ' s \ Zl ), (4.36) 



k+N-l 



5 Vertex operator 

In this section we propose bosonizations of the vertex operators for the quantum superalgebra U q (sl(N\l)) 
[3Ti] . We check that the vertex operators are the intertwiners among the Fock-Wakimoto module and the 
typical representation for small rank TV < 4. 

5.1 Level-zero representation 

We discuss level-zero representation of U q (sl(3\l)) in this section (resp. U q (sl(A\l)) in appendix |B|) . that 
we will use for the investigation of the vertex operator. Let V a be the one parameter family of the 
2 Ar -dimensional typical representation of U q {sl(N\l)) [351 [37]. I n the case of U q (sl(3\l)), we choose the 



basis {vj}i<j<s of V a and assign them the Z2-gradings as following. 

M = N = M = \v 7 \ = 0, |va| = \v 3 \ = |u 4 | = |vb| = 1. (5.1) 
In the homogeneous gradation, the evaluation representation V a . z of U q (sl(3\l)) is given by 

hi = £3,3 — ^4,4 + ^5,5 — £-6,6: (5-2) 

h 2 = E 2 . 2 — Es t 3 + Ee,6 — Er,7, (5-3) 

h 3 = a(E hl +E 2:2 ) + (a + l)(E 3 , 3 + E 4A + E 5:5 + E 6fi ) + (a + 2)(E 7 j + E 8:8 ), (5.4) 

ei = E 3A + E 5fi , (5.5) 

e 2 = £ 2 ,3 + £ 6i7 , (5.6) 

e 3 = ^\a\E h2 - y/[a + T](E 3>5 + E ifi ) + y/[a + 2}E 7 . 8 , (5.7) 

fl = ^4,3 + ^6,5, (5.8) 
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h = E 3 .2 + E 7fi , (5.9) 

f 3 = VW]E2.i - y/[a + 1](£5,3 + E 6A ) + y/[a + 2}E SJ , (5.10) 

h a = -a{E ltl +E it 4,)-(a + l)(E2,2 + E 3t3 + E 9 fi + E rt r)-(a + 2)(E Bt6 + E 8tS ), (5.11) 

e - -z(y/\a\E4 tl - y/[a + 1](£ 6 ,2 + E 7<3 ) + y/[a + 2]E Sfi ), (5.12) 

fo = z-\y/\a\E 1A - y/[a + 1](E 2 , 6 + E 3J ) + y/[a + 2]£ 5;8 ). (5.13) 

We set the dual representation V* s z of U q (sl(3\l j) by 

^(^k.W))" for a €17,(2(311)), (5.14) 

where we have used the antipode S and have introduced the supertransposition " st" by 

(£^) st = (-^KKKI+KD^. (5.15) 

We have chosen the dual basis {vj}i<j<8 of V^ s and assign them the Z 2 -gradings as following. 

Kl = H\ = Kl = Kl = o, Kl = K| = K| = K| = 1. (5.16) 

In the homogeneous gradation, the evaluation representation V* s z of U q (sl(3\l)) is given by 

hi = —E 3i3 + E\ A — E§£ + E§fi, (5-17) 

h 2 = — £2,2 + £3,3 — -E-6,6 + £7,7, (5.18) 

^3 = -a{E hl +E 2 ,2)-(a + l)(E 3t3 + E 4A + E 5t5 + E 6j6 )-(a + 2)(E 7j7 + E St8 ), (5.19) 

ei = -g-^^s + ^J, (5-20) 

e 2 = -g^fe+^e), (5-21) 

e 3 - -(v^^ Q £ 2 ,i + v^ + ^^ 1 (^5,3 + £ 6 ,4) + v^ + ^^ a ^8,7), (5.22) 

/i = -q(E 3A + E 5 . 6 ), (5.23) 

/ 2 = -q{E 2 , 3 + E 6 , 7 ), (5.24) 

/s = a/R9 q ^i,2 + y/[a + l}q a+1 (E 3 , 5 + E 4 , 6 ) + y/[a + 2}q a+2 E 7 , s , (5.25) 

h = a(E 1A +E 4A ) + {a + l){E 2 ,2 + E 3 , 3 + E 6 ,6 + E 7 , 7 ) + (a + 2)(E 5 , 5 + E s ,s), (5.26) 

e a = -z(^\a\q a E 1A + y/[a + l]q a+1 (E 2fi + £3,7) + V 7 !" + 2]q a+2 E 5t6 ), (5.27) 

f = -z-\^]q- a E Atl + ^+T]q- a -\E &a +E 7t3 ) + ^^q- a - 2 E 8tb ). (5.28) 

We give the level-zero realization of the Drinfeld generators. 

Proposition 5.1 On V aiZ! the Drinfeld generators of U q (sl(3\l)) are realized by 

hi, m = [ -^(q a+2 zr(q- m E 3 . 3 -q m E iA + q- m E 5 . 5 -q m E 6fi ), (5.29) 
m 

h 2 , m = —(q a+2 zr(q- 2m E 2 . 2 -E 3 . 3 + E 6fi -q 2m E 7 . 7 ), (5.30) 
m 

^3,™ = ^"([ampLl + £ 2; 2) + [(« + l)mk m (£ 3 ,3 + % + £ 5; 5 + 
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+[( Q + 2Hg 2ra (% + E 8 , 8 )), (5.31) 

xt, n = {q a+2 z) n (E 3A + E 5fi ), (5.32) 

4,n = (q a+2 zT(q- n E 2 , 3 + q n E 6 , 7 ), (5.33) 

x+ n = (g"+V(v1^9~^,2 - vl^ + ^M ^ (5.34) 

x!, n = (q a+2 z) n (E 4 , 3 +E 6 , 5 ), (5.35) 

*2, n = (q a+2 zT(q- n E 3 . 2 +q n E 7fi ), (5.36) 

a* >n = (g a+2 z) n (VR^ 2n ^,i- v / [^+lI(^5,3 + i?6,4) + v / F+2l9 2l ^8,7). (5.37) 
On Vjf, £/ie Drinfeld generators of U q (sl(3\l)) are realized by 

hi, m = ^-(q- a - 2 z) m (-q m E 3 , 3 + q- m E it4 -q m E 5 , 5 + q- m E 6 , 6 ), (5.38) 
m 

h %m = [ ^(q- a - 2 zr(~q 2m E 2 , 2 + E 3 , 3 -E e , 6 + q- 2m E 7J ), (5.39) 
m 

h 3 , m = -z m ([amp L1 + £3,2) + [(a + l)m]q- m {E 3j3 + E 4A + £ 5 ,5 + E 6 ,e) 
m 

+ [(a + 2)m]g- 2m (£; 7 , 7 + £ 8 , 8 )), (5.40) 

<n = -g-V^n^g + ^s), (5-41) 

<„ = -Q-HQ- at - 2 *) n (Q n E a ,2 + <r n Erfi), (5-42) 
<„ = -(g- a - 2 ^r(^g- a+2n £^2,i + VF+lJg-"- 1 ^^ + £ M ) 

+ v 4^+2]g- Q - 2 - 2 "£; 8 , 7 ), (5.43) 

^„ = -g^ -0 *)"^ + _E 5 , 6 ), (5.44) 

X 2>n = -q(q- a - 2 z) n (q n E 2 , 3 + q- n E 6 , r ), (5.45) 
^3,„ = (q- a - 2 z) n (V\a\q a+2n E h2 + y/fc + T}q a+1 (E 3 , 5 + E ifi ) 

+ ^+2]q a+2 - 2n E 7 *). (5.46) 



In appendix |BI we summarize the case of U q (sl(i\l)). The case of U q (sl(2\l)) is summarized in [TT]. 
5.2 Vertex operator 

Let T and T' be level fc highest weight ?7 g (s£(iV|l))-modules. Let V a and V* s be 2 JV -dimensional typical 
representation with a parameters a [37 . The representations V a and are irreducible if and only 
if a ^ 0, —1, —2, • • • , — iV + 1. Let V a , z and V* s z be the evaluation module and its dual of the typical 
representation. Consider the following intertwiners of J7 g (sZ(A r |l))-module [30] . 

$(z) : T — > T' ® V a , z , <5>*{z):F^F'®V* s z . (5.47) 

They are intertwiners in the sense that for any x £ U q (sl(N\l)), 

$(z)-x = A(x)-$(z), $*(z)-x = A(x)-$*(z). (5.48) 
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We expand the intertwining operators. 

2 N 



(5.49) 



We set the Z 2 -grading of the intertwiner be \&(z)\ — \$*(z)\ = 0. In what follow we focus our attention 
on rank N < 4 case. 

Proposition 5.2 For a^O, — 1, — 2, the operator $(z) for U q (sl(3\l)) is determined by the component 
More explicitly, we have 



$ 3 (S) = [**(*). /l]*> *5W = [*6(2),/l] S , 
<f 2 (z) = [§3W,/ 3 ]„ *6W = N2),/2] S) 

*l(*0 = -J=[$2W,/3],-, * 3 (z) = -fL=[* B (z),f 3 ] q - a -i, 



-1 



[*eW,/ 3 ] 5 



7F+2] 



[*8(«),/3],— 



(5.50) 
(5.51) 
(5.52) 

(5.53) 



for a 7^ 0,-1,-2, i/ie operator $*(z) /or ?7 9 (sZ(3|l)) is determined by the component $*(z). More 
explicitly, we have 



<J> 2 (*) = 
*S(*) = 



a 



-1 



1 



7F+2] 



(5.54) 
(5.55) 
(5.56) 

(5.57) 



Proposition 5.3 For a ^ 0,-1,-2,-3, the operator &(z) for U q (sl(4:\l)) is determined by the 
component &ie{z). More explicitly, we have 

$ 9 (z 
$ 3 (z 
$ 9 (z 
$ 2 (z 
$ 8 (z 

$1(2 



$4(2 

$ 9 (z 

$12(2 



[*e(*),/i]<„ 


* 7 (s) = 


[*8(2),/l]„ 


(5.58) 


[SioOO./ila. 


*n(«) 


= [*13(«),/l]„ 


(5.59) 


[*4(«),/2]„ 


$5(2) = 


[*7(«),/2]„ 


(5.60) 


[*io(«), /2]„ 


$11(2) 


= [&ia(z),f2] q , 


(5.61) 


[*3W,/ 3 ]„ 


$ 7 (z) = 


[$9(2), / 3 ]g, 


(5.62) 


[*10(«),/3] g , 


$14(2) 


= [*15(«),/2]g, 


(5.63) 



-1 



-1 



[*jW,/4],-., *3(«) 



-1 



[*5(z),/ 4 ],- 



F [*rW,/4] s 



-1 



7f== [$n(z),f4\ q -<*-2, $10(2) = ^_ [$i 3 (z),/ 4 ] g - 
V F + 2J V [a + 2 J 

l —[^li{z),h]q-c-2, $15(2) = 1 [$l 6 (z),,f 4 ] g - 



VF+2] 1 



V^+3]' 



(5.64) 
(5.65) 
(5.66) 
(5.67) 
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For a 7^ 0,-1,-2,-3, the operator $*(z) for [7 g (s/(4|l)) is determined by the component $*(z). More 
explicitly, we have 



$e(* 
$!o(* 

m* 

**o(* 
$5(* 

$2^ 

$* 7 (z 





*sw = 


= [/ 1 ,*?(2)],-i, 


[/i.*o(*)] 9 -i, 




= [/i,*; 1 («)],-i 




*?(*) = 


= [/ a , 


[/a,*S(«)],-^ 


*; 3 (*) 


= [/a,*n(«)] fl -i 


[/3,*2(«)] 9 -^ 


*2(*) = 


= [/ 3 ,$;(z)] 9 -i, 




*; 6 (*) 


= [/S,^*4(2)] fl -l 



-1 



[A, $5(2)],-, 



v/[a + 


1] 


-1 




v/[a + 


2] 


-1 




v/[a + 


2] 



[/ 4) $K^)] g — ^ $s(*) = 

[/ 4 ,*S(«)] 9 — ». ** 3 (*) 

[/ 4) $I 2 (Z)] 9 — 2 , $* 16 (z) 



1 



[/ 4 ,$^)] 9 — 
-[/4,**o(*)]«- 



VI^+lI 
-1 

-i 



(5.68) 
(5.69) 
(5.70) 
(5.71) 
(5.72) 
(5.73) 
(5.74) 

(5.75) 

(5.76) 

(5.77) 



The case of U q (sl(2\l)) is summarized in [11] . Next we determine the relations between the components 
$2 n ( z )j $*C 2 an d the Drinfcld generators. We use the coproduct 



(m > 0), 
i hi t - m (to > 0). 



(5.78) 
(5.79) 
(5.80) 



A(hi) = hi ® 1 + 1 ® /ij, 
A(/ij, m ) = hf >m ® + (g) /i 
A(/ii,_ m ) = /ii,- m ® + 

Proposition 5.4 27ie component <& 2 N { Z ) associated with U q (sl(N\l)) satisfy 

[hi,$ 2 N(z)} = -5 itN (a + N-l)$ 2 N(z) (l<i<N), (5.81) 
[hi, m , ^ {?)] = -8i, N q {N - 1+ ^ )m [{a + N ~ 1)m] z"j> 2W ( Z ) (m>0,l<z<iV), (5.82) 

TO 

[fti _ w , $2"(z)l = iyg (-jy+1 ~ + ^ ~ ^ £~ m $ 2 * (z) (to > 0, 1 < i < AH, (5.83) 

TO 

[Jft( 2!l ) > $ 2W (z 2 )]=0 (1<*<JV). (5.84) 
T7ie component $f(z) associated with U q (sl(N\l)) satisfy 

[h i ,$* 1 (z)] = 6 i , N a$* 1 (z) (l<i<N), (5.85) 
fom,*tt*)] = *i,tf«* TO ^* m **(*) (m> 0,1 <*<#), (5.86) 



TO 



(5.87) 
(5.88) 



[fti,_ Wl $*(z)] = 5 iiA rQ-* m ^l 2 - m $K^) (m > 0, 1 < i < N), 

TO 

[X+(z 1 ),$* 1 (z 2 )] = (l<i<N). 
We have checked this proposition for rank N — 2,3,4. 

In order to construct bosonizations of <j> 2 iv(z) and $*(z), we introduce a bosonic operator <fi la (z\/3). 
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Definition 5.5 For l a — l a ,- • • , Z„ ) G C and /3 S C, we set the bosonic operator f° (z\(3) by 

N 



PFe call the operator tfi la (z\[3) the "elementary vertex operator". 



z\f3) : 



(5.89) 



Proposition 5.6 The highest vector |A) = |Z o ,0, 0) of U q (sl(N |1)) zs created from the Fock 
|0) and 0'° (z |/3). 

|A} = lim/«(z|/3)|0). 



-ffere |A) is the highest weight vector of the highest weight whose classical part A = 53i=i ^a^-i 
The elementary vertex operators </> ia (z|/3) give rise to the following map. 

4> l *{z\0)'.F{p a )—>F{p a + l a ). 

Using the inversion relation, 



N 



•yy [Ai tr m] [Min(r, j)m][(N - 1 - Max(r, j))mj _ . 



[(N — l)m}[m] 



we have the following proposition. 



Proposition 5.7 The elementary vertex operators <fi la (z\f3) satisfy the following relations. 

[h itm ,^{z\(3)} = l[Z>] -^+^>l™lzV«(z|/3) (1 < i < N), 

[X+( Zl ),^(z 2 \/3)}=0 (l<i<N), 

k + N-1 



(z 1 -q^z 2 )X-(z 1 )^ z 2 



(q l "Z! - z 2 )<j) ta z 2 



k + N-1 



Xr{ Zl ) (l<i<N). 



(5.90) 



(5.91) 



(5.92) 



(5.93) 
(5.94) 

(5.95) 



Proposition 5.8 For k = a =/= Q, —1, —2, • • • , — N + 1, bosonizations of the components & 2 n(z) and 
&l(z) associated with U q (sl(N\l)) are given by 



$ 2 »(z) =4> l [q 



- Ai „k+N-l. 



k + N-1 



k + N-1 



(5.96) 



where we have set I — — (0, — , 0, a + N — 1) and I* — (0, • • • , 0, a). The other components <&j(z) and 
^j(z) (1 < j < 2 W ) are represented by multiple contour integrals of Drinfeld currents (cf. propositions 
\5.S\ and \5.3\) . We have checked this proposition for N — 2,3, 4. 

These bosonizations of the vertex operators are determined from the commutation relations with 
the superalgebra U q (sl(N\l)). The construction is completely independent of which infinite dimensional 
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modules the vertex operators intertwine. In what follow we shall clarify on which space these vertex 
operators act. We balance the "background charge" of the vertex operators by using the screening 
currents. For x = (x\,X2, ■ •• ,xn) € N w , we set the screening operator 

Q ' : ()[ ()!/ ■ ■ ■ Q X N * : . (5.97) 

The screening operator give rise to the map, 

: F(pa) — > F(p a + x). (5.98) 

Here x — (x\, X2, • • • , Xn), where Xi = SjLi AijXj. The commute with the projection operator 
?7o£o- Hence we have the map on the Fock-Wakimoto module. 

Q (a;) : Fip a ) — > F(p a + x). (5.99) 
Definition 5.9 For k = a 7^ 0, — 1, —2, • • • , — N , we set the bosonic operators 

2 N 2 N 

&*\z) = ^$'f ) {z)®v j , ¥y>(z)=J2$ ( f ) *{z)(g>v*. (5.100) 

Here we have set 

- Voto ■ Q {x) ■ ■ Voto, (5.101) 

*y*(z) = r,oto-Q {y) -$*(z)-Voto. (5.102) 

where x — {x\, X2, ■ ■ ■ ,Xn) € N N and y = (y\, y 2 , ■ ■ ■ , j/at) € N N . We call the operators <&( x \z), $( y )*(z) 
the "projected vertex operators" for U q (sl(N\lj) . 

Proposition 5.10 For k = a 7^ 0, — 1, —2, • • • , — N + 1, the projected vertex operators & x \z) and 
$( y )*(z) are the intertwiners among the Fock-Wakimoto module and the typical representation. 

: HPa)^F( Pa + i+x)®V a , z , (5.103) 
$<»>*(*) : HPa)^HPa + l*+y)®V*t (5.104) 



Here we have set I = —(0, ■ • • , 0, a + N — 1) and I* = (0, • • • , 0, a). Here we have set x = (x\, X2, ■ ■ ■ ,xn) 



and y = (j/i, 2/2, • • • , Vn) where Xi — X^^Li AijXj and y^ = X^^Li ^ijVj- We have checked this proposition 



for rank N = 2,3,4. 



5.3 Correlation function 



In this section we discuss an application of the projected vertex operators <$>( x \z) and $*( y \z). We study 
non- vanishing property of the correlation function which is defined to be the trace of the vertex operators 
over the Fock-Wakimoto module of U q (sl(N\l)), that is 

Tr^ a) ( q L ^\z 1 )^\z2) ■ ■ ■ SJ'-'W) • (5-105) 
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Here we propose the g-Virasoro operator Lq for k = a ^ —N + 1 as follows. 

1 ^ ^ m 2 [Min(i, j)m] [(N - 1 - Max(?,j))m] j 

° ~ ^ ^ z 1 [m][(fc + JV- l)m] [(JV- l)m][m] a ™ 

Y> Min(i,j)(jV-l-Max(z,j)) j 
^ (fc + 7V- 1)(JV- 1) ° 



1 V V /,' "• -^1/,' ' • +1 V V ■ 

2 ■ -«M TO 12 <" ,T 2 ^ ^ - m [ml 2 " l ' 

l<i<j<N m£Z L J l<i<j<N m£Z 

+5 E E^ + S^ +1: 4 E (5 - 106) 

The L eigenvalue of |Z a , 0, 0) is 2 (fc+Ar- 

ryy(A|A + 2p), where p = Ei=i A* and A = £f =1 I* A<. 

Proposition 5.11 TTie correlation function of the vertex operators, 

Tr H i a ) (g i0 «J (1)) (*i)*5: p,) (? a )-^ ( " )) («„)) ^0, (5.107) 

i/ and on/y if k = a ^= 0, — 1, —2, • • • , — JV + 1 cmd X( s j = £( s ),2 ' " ' > ^(sliv) G N w (1 < s < n) 

satisfy the condition, 

n 

J2 x (s)t = jrri a + n - i 0-<*<N). (5.108) 

s=l 

We note that there doesn't exist non-rational solution k = a £ Q of the relation (15.108[) . Next, we 
consider the correlation function involving also dual vertex operators. 

Proposition 5.12 The correlation function of the vertex operators and the dual vertex operators, 

TV (io) (^*? {1 > ' ■ • ^\w m )^\ Zl )^\z 2 ) ■ ■ ■ ^\z n )) ^ 0, (5.109) 

if and only if k = a ^ 0, — 1, —2, • • • , — N + 1, xt s ) = (xt s ^x,X( s Y2, • • • , x/ s v^) € N w (1 < s < n) and 
V(t) = (V(t),i,y(t),2, ■ ■ ■ ,U(t),N) € N N (1 < * < m) satisfy the condition 

n rn f \ ' 

E x (.'),i + E yw = n™i a+ n ■ 1 (i^ 1 ^^)- ( 5 - u °) 

s=l t=l 

We note that there exist non-rational solutions k = a ^ Q of the relation (|5.110l) . Upon k = a ^ Q, the 
relation (|5.110[) is equivalent to 



and ^2{x (s)ti +y (s)A )=n-i (l<i<N). (5.111) 



m = n 

s=l 



We conclude that the screening operators Qi are needed to ensure non- vanishing property of correlation 
functions. In other words, we have to balance the "background charge" of the vertex operators to 
construct non-zero correlation functions. We can write down integral representations of the correlation 
functions by using bosonizations of the vertex operators |22j . It is open and nontrivial problem to deform 
these integral representations to convenient formulae for physical applications. 
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A Normal orderings 

In this appendix we summarize formulae of normal orderings. In order to get the following delta-function 
formulae, the following normal orderings are useful. 

k + N-1 



exp (a*V + " _1 *i)) : exp (- + 
- Aii (l-q A ^- k - N+1 z 2 / Zl ) 



Z 2 



=■■ q 

: exp 
: exp 



(i- q - A ^- k - N+i z 2 / Zl y 



1 



k + N-1 
1 



a J \\z 2 



k + N-1 



a zi 



k + N-1 
(l-q A ^- k - N+1 z 2 / Zl ) 
" (1 - q- A ^- k - N+1 z 2 / Zl ) 

ci-(q 2 z 2 ) 1 : exp 



k + N-1 



■ exp (a + (q k+ 2 1 Zif) =:: 1, 



exp 



1 



k + N-1 



a J \ zi 



k + N-l\\ 

:=:: q A * 



In order to get the following specialization relations, the following formula is useful. 

b^{qz) - V'^q^z) = b + j {z) - b?(z). 

A.l Delta-function 



[x; (Nfi \z,)A N+m ^)\ 
-i 



{q-q- 1 )q k+N z 1 z 2 



z\ 



Z\ 



N-\-k— 1 

[x - {i ,l ){z ^ s ( i+ l <1){z2)] = {q _ q -l )S (Q__*2 ):: ,-,<;. X _ X) _ 



(A.2) 



(A.3) 



\X; {l+1 ' 2 \z,), Sf + ^\z 2 )\ = {q- q-i)6 ( ^'^^ ) :: ,;. ,"</<. Y-2). (A.4, 
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[X7( l +^\ Zl ),sf +2 ' 2 \z 2 )} = (q- 1 -q)S ^ ^ :: (1 < i < I < N - 3), (A.5) 

[Xr^\ Zl ),S^ 2 Hz 2 )] = (g- 1 - q)S ( qN ~ 3 ~ z k ~ 2lZ2 ) ■■■■ (l<*<JV-2), (A.6) 
[^ W1) (^),Sr i ' 0, (^)] - ^TI^ (^^) (A.7) 

-. / jy fc+1 \ 

[^(.o^r 1 ^^)] = (*-^) :: ' (A - 8) 

\XT^\ Zx \ S^ 2 \z 2 )\ = (q- q-^S * ^ 2z2 ^j :: (1 < i < N - 2, i + 1 < I < N - 1), (A.9) 
[Xr^ 2 \ Zl ),sl l + 1 ' 1 \z 2 )} = (q- 1 -q)S \S. 2 -j :: (1 < i < N - 2, i + 1 < I < N - 1), (A.10) 

(N-\-k— — 1 \ 

Q - ^j:: (1< J<*< (All) 

[X7^\ Zl ),S?> 1 \z 2 )} = ( q - i - q )S(* :: (1 < j < i < N), (A.12) 

/ n , i /„N+k-i+j-l~ \ 

[X^'%i),S? +1 ' 1 \z 2 )] = (q-q- 1 )5\l :: (1 < J < i < N 1), (A.13) 

q - -):: (l<j<i<N), (A.14) 

q - ^—^)* {l<3<i<N) t (A.15) 

, . , , / n N+k-i+j-l y \ 

[X7^\ Zl ),S^ 1 \z 2 )) = (q- 2 -l)6( q :: (1 < j < i < N), (A.16) 

[^■ 1) (^),Sr +1 '° ) (^)] = F ^«(^^) (l<i<^-D, (A.17) 

[^(^O.Sr^^^p^^ 2 ^) (l<i<^-l), (A.18) 

(]\]~—2i— l \ 

q - Z2 ):: (!<<<*-!), (A.19) 
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(N—2i—l \ 

q - Z2 ):: <l<i<N-l), (A.20) 

[Xt {j ' 1 \z 1 ),Sf' 2 \z 2 )] = (1 - q 2 )8 f^ qN ^ :: (1 < i < N, 1 < j < i - 1), (A.21) 

(N—i—j — 1 \ 

q - "' j:: (l<i<iV,l<j<i-l), (A.22) 

[Jr^' 0) (zi),Sf' a) (^)] = (l<i<AT-l), (A.23) 



[^ 0+1 ' 0) (-i)^r +1 '°H^)] = ^^(^^) :: (l<i<iV-l), (A.24) 

/ N—i—j—1 \ 

[X+^ 1 \z 1 ),sf +1 - 2 \z 2 )} = ( q - q -i)sl^ — :: (1 < i < N - 1, 1 < j < i - 1),(A.25) 

(N—i—j—1 \ 

1 ^^J :: (1 < * < AT- 1,1 <j < i- 1), (A.26) 

[X+ (j ' 2) (*i), 2) (z 2 )] = (1 - g 2 )<5 ^ 1Z2 ) :: (1 < i < N - 1, 1 < j < i - 1), (A.27) 

(N—i—j—1 \ 

1 ^— :: (l<i<JV-l,l<j<i-l), (A.28) 

A. 2 Specialization 

: X; {Nfi \z)S\ N+lfi \q N+k - 1 z) :=: X7^\z)Sf +1 ' 1 \q- N ~ k + 1 z) : 



k + N-l 



: (l<i<N-l), (A.29) 



X-^ 1 \z)S^ +1 '°\q- N - k+1 z) :=: ^^^isf^'^-'z) : 



=: exp 



1 



k + N-l 



k + N-l 



(A.30) 



: X^ Nfi \z)Sl N +lfi) (q N+k+1 z) : = : X; {N ^ 1 \z)S\ N ' 2) {q N+k+1 z) : 

(1 < i < JV — 1), (A.31) 

Xr( i + 1 ' 2 )(^)5f +2 ' 1) (g- JV + 3+fe + 2 ^) :=: X7^ 2 \z)S\ i+1 ' 2 \q- N+3+k+2i z) : 

(1 < i < AT - 1), (A.32) 
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X; {l+1 ' 1 \z)S { l +2 ^\ q - N+:i+k+2l z) :=: X7^\z)S\ l+2 ' X \q- N+ ^ k+sl z) : 

(1 < i < N- l,i + 1 < I < N- 2). 

(1 < i < N-2,i + l < I < N- 1), 



ir (3!l) (^f U) (g- N - t+, - ,+1 z) :=: ir (j+W) (z)5f ^g-^^^'+'z) : 

(1 <j <i <N-1), 



X7V> 2 \z)S$ i+1 ' 1 \q- N - k+i -* +1 z) :=: X7^ 1 \z)sf 2 \ q - N ~ k + i -^ 1 z) : 

(1 <j <i<N-l), 

: XrW' 2 )(^)5f 1 )( g - JV - fc +'-J+ 1 ^) :=: X7^\z)Sf' 2) {q- N - k+i ^ +1 z) : 

(1 < j < i < JV), 

: X^ 1 \z)S<j N+1 '°\q- k -* +1 z) :=: ^^^(z^V^z) : 

(i < i < » < Jv - 1), 

: X^ (j ' 2) (z)5f +1 ' 0) ( g - fc -^+ 1 z) :=: (z)^f ^V*"''* 1 *) : 

(1 < j <i <N-1), 



: X+ (i ' 1) (^)5f +1 ' 2) ( g - JV + 2i + 1 ^) :=: X+ (i ' 2) (z)sf +hl \q- N+2t+1 z) : 

(1 < i < N- 1), 



X+ (j ' 1} (z)5f 2) ( g - N +^ +1 z) :=: X^ +1 ' 2) (z)Sf +1 ' 1 \q- N+i+ ' +1 z) : 

(1 < i < iV — 1, 1 < j < i — 1), 



: X+ W ' 0) (z)5f 'V'^) :=: X+« +1 '°>(*)Sf +1 <V +1 z) : 

(1 < j <iV-l), 



X+ (j '' 1) (^)5f +1 ' 2) ( g - JV +^+ 1 ^) :=: X+ U ' 2 \z)Sf +hl) (q- N+i ^ +1 z) : 

(1 < i < N- 1,1 < j < i- 1), 



X+ (j '' 2) (z)Sf 2) (q- N+i+j+1 z) :=: X+ (j ' +1 ' 2) (z)^ +1 ' 2) ( g - jv +^+ 1 z) : 

(1 < i < iV — 1, 1 < j < i — 1), 



26 



B Level-zero representation of U q (sl(4\l)) 

In this appendix we summarize the level-zero representation of U q (sl(4\l)). Let V a be the one parameter 
family of the 16(= 2 4 )-dimensional typical representation of U q (sl(4\l)) In the case of U q (sl(4\l)), 

we choose the basis {vj}i<j<is of V a and assign them the Z2-gradings as following. 

Kl = Kl = Kl = \v»\ = \vg\ = \v w \ = \v 12 \ = |«i 6 | = 0, 

Kl = Kl = K| = Kl = Ki| = \vis\ = \vu\ = \v 15 \ = 1. (B.l) 



In the homogeneous gradation, the evaluation representation V a ^ z of ?7 g (sZ(4|l)) is given by 
hi = £4,4 — Ee,e + Ej^ — Eg,,s + £9,9 — £10,10 + £11,11 — £13,13, 

h-2 = £3,3 — £4,4 + £5,5 — £7,7 + £10, 10 — £-12,12 + £"13,13 — £l4,14, 

^3 = £2,2 — £3,3 + £7,7 — £9,9 + £s,8 — £l0,10 + £l4, 14 ^ £l5,15, 
2 8 14 16 

3=1 3=3 j=9 j=l5 

ex = £4,6 + £7,8 + £9,10 + £ll, 13: 

62 = £3,4 + £5,7 + £l0,12 + £l3,14, 

e3 = £2,3 + £7,9 + £8.10 + £14,15, 



3,31 



B.2) 
B.3) 
B.4) 

B.5) 

B.6) 
B.7) 
B.8) 



e 4 = - VH^i,2 + vF+i] (£3,5 + £4,7 + £ 6 ,s) 

-V[a + 2](£ 9 ,xx + £10,13 + £12,14) + Vi^ + 3]£i 5 ,i6, (B.9) 

/1 = £6,4 + £8,7 + £10,9 + £13,11, (B.10) 

/2 = £4,3 + £7,5 + £12,10 + £14,13, (B-ll) 

/3 = £3,2 + £9,7 + £10,8 + £15,14, (B-12) 



/ 4 = - VR£ 2 ,i + V> + 1](^5,3 + £7,4 + £s, 6 ) 



-V[a + 2](£xx, 9 + £13,10 + £14,12) + V[« + 3]£ie,i5, (B.13) 
ho = — a(£x,x + £6,6) — (a + 1)(£2,2 + £3,3 + £4,4 + £s,8 + £10,10 + £12,12) 

-{a + 2)(£ 5 , 5 + £7,7 + £9,9 + £13,13 + £i4,i4 + £15,15) ~{a + 3)(£i M i + £i 6 ,i 6 ), (B.14) 



co 



= z(y/\a\E 6A ~ v[a + 1](£ 8 ,2 + £10,3 + £12,4) 



V[a + 2](£ 13 , 5 + £14,7 + £15,9) ~ V> + 3]£x6,ii), (B.15) 



fo = -z '(VRfii.e - V> + 1](^2,8 + £3,10 + £4,12) 



+ V / [a + 2](£ 5 ,i 3 + £7,14 + £9,15) - V / i^+3]£xi,i6). (B.16) 
We choose the dual basis {u|}i<j<x6 of V^' and assign them the Z 2 -gradings as following. 

Kl = Kl = Kl = Kl = \v* 9 \ = Kol = K 2 I = K 6 | - 0, 

Kl = Kl = Kl = Kl = KM = K 3 I = Kl = K 5 I = !• (B.17) 
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In the homogeneous gradation, the evaluation representation V* s z of U q (sl(A\l)) is given by 
hi 

h 3 

h 4 



— £4,4 + Eefi — £7,7 + £-8,8 — £9,9 + £l0,10 — £ll,ll + £l3, 13; 

— £3,3 + £4,4 — £5,5 + £7,7 — £l0,10 + £l2,12 — £l3,13 + £l4, 14, 



ei = 

62 = 

e3 = 

e 4 = 

h = 

h = 

h = 

h = 

ho = 

e = 

fo = 



— £2,2 + £3,3 — £7,7 + £9,9 — £8,8 + £l0,10 — £l4, 14 + £l5, 15; 
2 8 14 16 

-a E jtj - (a + 1) E o,j -(« + 2)E E jtj - (a + 3) £ £„-, 

j=l j=3 j=9 j=15 

— 9 1 (£6,4 + £s, 7 + £l0,9 + £13,11)7 

— Q 1 (£4,3 + £7,5 + £12,10 + £14,13)7 



~Q x (£3, 2 + £9,7 + £10,8 + £15,14), 
VRr a £ 2 ,i + v / FTI]<r Q ~ 1 (£5,3 

+ v /[a + 2] g - Q - 2 (£ n , 9 + £13,10 



^7.4 



£8,6) 



v £14,12) + vF+3]<r Q ~ 3 £i6,i5, 
— ^(£4,6 + £7,8 + £9,10 + £11,13), 

— <l{E3,4 + £5,7 + £l0,12 + £l3,14), 

— <Z(£2,3 + £7,9 + £8,10 + £l4,15), 

-yH<7 a £i, 2 - v /[a + l] 9 Q+1 (^3,5 + £4,7 + £ 6 ,s) 

-^/[a + 2}q a+2 (E 9A1 + £10,13 + £12,14) - V[a + 3]g a+3 ^iB,ie, 

tt(£l,l + £6,6) + (a + 1)(£2,2 + £3,3 + £4,4 + £s,8 + £l0,10 + £12,12) 

+(a + 2)(£ 5i5 + £7,7 + £9,9 + £13,13 + £14,14 + £15,15) + (a + 3)(£u,n + £i 6 ,i 6 ), 



z(v/R g tt £i, 6 + v/[a + l] g a+1 (£ 2;8 + £3,10 + £4,12) 



+ v/[a + 2] ( f +2 (£ 5 ,i3 + £7,14 + £9,15) + Vfa + Sl^+^n.ie), 
z-^TRf^e,! + y/la + tfq-^iEsj + £10,3 + £12,4) 



+ V[a + 2]g- Q - 2 (£i 3 ,5 + £14,7 + £15,9) + + 3]<T^ 3 £i6,ii)- 
We give the level-zero realization of the Drinfeld generators. 
Proposition B.l On V a , z , the Drinfeld generators of U q {sl{A\l)) are given by 



hi, 



(Q z) (q Ea-q E 6 e + q E 7 7 - q E% & 

m 



(B.18) 
(B.19) 
(B.20) 

(B.21) 

(B.22) 
(B.23) 
(B.24) 

(B.25) 
(B.26) 
(B.27) 
(B.28) 

(B.29) 

(B.30) 

(B.31) 

(B.32) 



*2,m 



<-4,m 



+ 1 "£9,9 — <7 m £io,io + 1 m £ii,n — 9™ £13,13), 

£3,3 — ^4,4 + q ^5,5 
„2m 



m 



m 



— (9 

m 



z) m (q 
/ 2m £i: 

q+3 .'\m/„-3m 



£ 



7.7 



<Z 2m £l2,12 + £l3,13 



# m £14,14), 

£2,2 — q "'£3,3 + 9 '"£7,7 — q m Eg,g 



+ 9 m £s,8 — <? m £l0,10 + 9 m £l4,14 — 9 m £l5,15), 
2 8 

H^^ + Ka + iHr^^ 



(B.33) 
(B.34) 
(B.35) 
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rn 



j=3 
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x l,n 
x 2,n 



b 3,n — 
C 4,n = 



b 2,n 



L 3,n 



b 4.,n 



14 16 

+ [(a + 2)m]g 2m £ E jtj + [(a + 3)m]g 3m £ 

j=9 j=15 
= (<7 Q+3 .z) m (£ 4 , 6 + £ 7 ,8 + #9,10 + £ll,13), 

= (rf + 3 z)"(<r 3 "£ 3 , 4 + <T"£ 5;7 + « n £?10,12 + «"^13,14), 

= (q a+3 z) n (q- 2n E 2 , 3 + E 7 s + E s , w + q 2n E 14tl5 ), 

(q a+3 z) n (-VW}q- 3n E h2 + ^+T]q- n (E 3 , 5 + E 4J + E 6 . 8 ) 
^[a + 2] g q n {E 9A1 + E 10A3 + E 12M ) + y/[a + % 3n £i5,i 6 ), 
(q a+3 z) m (E 6A + E S j + E w ,9 + ^13,11), 
(q a+3 z) n (q- n E 4 , 3 + q- n E 7 , 5 + q n E 12 . 10 + ^£14,13), 
£9,7 + £l0,8 + 9 2 ™£l5,14), 



(q a + 3 z) n (q- 2n E 3t2 



(q a+3 z) n (-^\a\q- 3n E 2A + y/[a + lJ<T"(£ 5 ,3 + £ 7 ,4 + E sfi ) 
y/[a + 2]q n (E llt9 + £13,10 + £14,12) + y/[a + 3]q 3n E 16 , 15 ). 



On V*° z , the Drinfeld generators of U q {sl{A\l)) are given by 



hl,m — 



— (« 

m 



—a — 3 _\m / 



f>3.m 



z) m (-q m E iA + q- m E 6 , 6 - q m E 7>7 + q 

9 m £9,9 + q m £io,io — ? m £11, 11 + q '"£13,13), 

a — 3 ,\m / 



l Ea 



-£10,10 + 9 2m £i2,i2 — £13,13 + q 2m £i4,i4), 



(.9 Z J (.— 9 £2.2+9 £3,3-9 £7,7 + 9 

m 

l £l4,14 + 9 m £l5,15), 



9,9 



— q m E$s + q m E w .i — q 
2 



L 4,n 



a; 



l,n 
X 2,n 
X 3,n 



X 



4,n 



l -z m ([ara] ]T j + [(a + l)m]q- m ]T E jd 

3 = 1 3=3 

14 16 

+[(a + 2)m]g- 2m ]T E jd + [(a + 3)m]q- 3m ]T E Jtj ), 

3=9 3=15 
^9 _1 (9 _Q_3z )"(£6,4 + £8,7 + £l0,9 + £l3,ll), 
-q-\q- a - 3 z) n {q n E 4 , 3 + q n E 7 , 5 + q~ n E l2 , w + q- n E u , 13 ), 
-q-\q- a - 3 z) n {q 2n E 3 , 2 + E 9 , 7 + E 10fi + q- 2n E 15M ), 
(q- a - 3 z) n (^]q- a+3n E 2 s + ^/\^TT]q- a - 1+n {E b , 3 + E 7 ,4 + £ 8;6 ) 
+ v/[a + 2] g - a - 2 -™(^ii, 9 + £13,10 + £14,12) + V / [a + 3] g - Q - 3 - 3 ™Si 6 ,i 5 ), 

-9(<r a - 3 2) n (£ 4 ,6 + £7,8 + £9,10 + £11,13), 

-9(9- a - 3 ^) n (9"£ 3 ,4 + 9"£ 5 ,7 + 9~"£io,i2 + 9-"£i3,i4), 
-q( q - a - 3 z) n (q 2n E 2 . 3 + E 7 , 9 + £s, 10 + q- 2n E 14 , 15 ), 
-{q- a - 3 z) n {^]q a+3n E la + VW+T}q a+1+n (E3,5 + £ 4 ,7 + £ 6 , 8 ) 



(B.36) 

(B.37) 
(B.38) 
(B.39) 

(B.40) 
(B.41) 
(B.42) 
(B.43) 

(B.44) 



+ v /[ a T2]9 a+2 -"(£9,ii + £10,13 + £12,14) + yF+3l9 a+3 - 3 "£i5,i 6 )- 



(B.45) 
(B.46) 
(B.47) 

(B.48) 

(B.49) 
(B.50) 
(B.51) 

(B.52) 
(B.53) 
(B.54) 
(B.55) 

(B.56) 
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